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1. Introduction
The theory of the exponential expansion of the Universe, better known as cosmic inflation,
was originally proposed as a solution to the horizon and flatness problems [1, 2]. It was soon after
realized that inflation can also provide a mechanism that explains how primordial inhomogeneities
were magnified to cosmic size and became the seeds for the growth of structure in the Universe [3–
6].
The Starobinsky model [7] is among the simplest and most successful inflationary models,
where an R2 term is added to the Einstein-Hilbert action
SStar. =
M2Pl
2
∫
d4x
√−g
(
R+
1
6m2
R2
)
. (1.1)
This model belongs to the general class of F(R) theories [8–20]1.
SF =
M2Pl
2
∫
d4x
√−gF(R) (1.2)
which are equivalently described by an action of this form
S[gµν ,χ] =
M2Pl
2
∫
d4x
√−g [F ′(χ)(R−χ)+F(χ)] . (1.3)
after we introduce an auxiliary real scalar field χ . By performing a Weyl rescaling of the metric
and a field redifinition we obtain the following action:
S[gµν ,ϕ] =
M2Pl
2
∫
d4x
√−gR−
∫
d4x
√−g
[
1
2
gµν∂µϕ∂νϕ+V (ϕ)
]
, (1.4)
where χ is minimally coupled to gravity, has a canonical kinetic term and a potential given by the
general formula
V =
(
M2Pl
2
)
χF ′(χ)−F(χ)
F ′(χ)2
, F ′(χ) = exp
(√
2
3
ϕ/MPl
)
, ϕ =
√
3MPl√
2
lnF ′(χ) . (1.5)
For the
(
R+R2
)
model we have
V (ϕ) =
3
4
M2Plm
2
[
1− exp
(
−
√
2
3
ϕ/MPl
)]2
. (1.6)
Recently, the Starobinksy model has been combined with other popular models such as Higgs
inflation [48–70]. As a result, there are two fields that can play the role of the inflaton and the
analysis becomes more complicated.
The 2018 results from the Planck satellite [71] in the nS versus r plane are shown in Fig. 1
1Which are equivalent to the scalar-tensor theories of gravity [14, 21–47].
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Figure 1: Marginalized joint 68% and 95% CL regions for nS and r at k = 0.002Mpc−1 from Planck
2018 [71] compared to the theoretical predictions of selected inflationary models.
The simplest models like φ 4, φ 3 and φ 2 have already been ruled out by the Planck 2015
data [72], while a little more convoluted models, such as the α-attractors [73], the Starobinsky [7]
and some non-minimally coupled models such as Higgs inflation [74,75] yield predictions that still
comply with the observations.
2. Non-minimal Coleman-Weinberg inflation with an R2 term
In [76], we considered the non-minimal Coleman-Weinberg model where the Planck mass is
dynamically generated through the vacuum expectation value (VEV) of a real scalar field φ , plus
an R2 term2. The action in the Jordan frame has the form
SJ =
∫
d4x
√−g¯
[
ξφ 2
2
R¯+
α
2
R¯2− 1
2
∇¯µφ ∇¯µφ − λφ4 φ
4
]
. (2.1)
We can eliminate the R2 term by introducing an auxiliary real scalar field χ
SJ =
∫
d4x
√−g¯
[
1
2
(
ξφ 2+αχ2
)
R¯− α
8
χ4− 1
2
∇¯µφ ∇¯µφ − λφ4 φ
4
]
. (2.2)
Then, by performing a Weyl rescaling of the metric (where we introduced a new field ζ
gµν =Ω2g¯µν , Ω2 =
(
αχ2+ξφ 2
)
/M2Pl ≡
ζ 2
6M2Pl
, (2.3)
2See also [37, 38, 42, 77–113] for other models based on scale invariance.
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the Einstein frame action takes the form
SE =
∫
d4x
√−g
[
M2Pl
2
R− 6M
2
Pl
ζ 2
(
1
2
∇µφ∇µφ +
1
2
∇µζ∇µζ
)
−V (0)E(φ ,ζ )
]
, (2.4)
with the tree-level potential given by the formula
V (0)E(φ ,ζ ) =
36M4Pl
ζ 4
[
λφ
4
φ 4+
1
8α
(
ζ 2
6
−ξφ 2
)2]
. (2.5)
Note that there are two fields in the potential, φ and ζ . Usually, scale-invariant beyond the Stan-
dard Model theories with multiple scalar fields are studied with the help of the Gildener-Weinberg
formalism [114].
In this approach, the perturbative minimization happens in two steps. First, the tree-level
potential is minimized with respect to its field content. This minimization takes place at a specific
energy scale, due to the running of the couplings in the full quantum theory, and defines a flat
direction among the scalar fields. Then, one computes the one-loop corrections only along this
flat direction, since this is where the corrections play the dominant role, remove the flatness, and
determine the physical vacuum.
Now, the tree-level minimization conditions in our theory give this relation:
dV (0)E
dφ
∣∣∣
φ=vφ
=
dV (0)E
dζ
∣∣∣
ζ=vζ
= 0 , ⇒ v2φ =
ξ
6
(
ξ 2+2αλφ
)v2ζ . (2.6)
By using an orthogonal rotation of the form(
φ
ζ
)
=
(
cosω −sinω
sinω cosω
)(
s
σ
)
, (2.7)
we can diagonalize the mass matrix of the two scalars and we parametrize the mixing angle in this
way
tanω =
vζ
vφ
, vs =
vφ
cosω
=
vζ
sinω
, (2.8)
with respect to the VEVs. The tree-level mass eigenstates are
m2s = 0 , m
2
σ =
ξ
(
ξ +12λφα+6ξ 2
)
6α
(
2λφα+ξ 2
) M2Pl . (2.9)
Notice that the mass eigenvalue of s is exactly zero at tree level since it is the pseudo-Goldstone
boson of broken classical scale invariance, while σ is the orthogonal eigenstate.
The 1-loop correction along the flat direction takes the form
V (1) =
m4σ
64pi2v4s
s4
[
log
(
s2
v2s
)
− 1
2
]
, v2s = v
2
φ + v
2
ζ , v
2
ζ = 6M
2
Pl . (2.10)
At this point we demand that the full one-loop potential vanishes at the minimum3
V (vs)≡V (0)E(vs)+V (1)(vs) = 0 . (2.11)
3This implies that the cosmological constant is zero at the 1-loop level.
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Finally, we arrive at the following expression for the effective potential along the flat direction
V (s) =
m4σ
128pi2
[
sin2ω
36M4Pl
s4
(
2ln
[
s2 sin2ω
6M2Pl
]
−1
)
+1
]
, (2.12)
which is shown in Fig. 2. From (2.12) we obtain the radiatively generated mass of the s boson
Figure 2: An inflaton excursion that yields N = 59.3 when sinω = 0.15. Inflation starts(ends) at the
green(red)-dashed line. The values of the observables in this case are (r,ns) = (0.014,0.963).
m2s =
sin2ω
48pi2
m4σ
M2Pl
. (2.13)
Notice that it is loop-suppressed with respect to the mass of σ . This means that the orthogonal state
σ effectively decouples and only s plays the role of the inflaton along the flat direction.
The predictions of the model in the ns− r plane are shown in Fig. 3, overlayed with the latest
Planck constraints. In the limit of zero mixing angle the potential behaves like the quadratic one,
while for larger values we obtain a beautiful banana shape.
3. Palatini inflation in models with an R2 term
There are two variational principles that one can apply to the Einstein-Hilbert action in order
to derive Einstein’s equations: the standard metric variation where the metric is the only dynamical
degree of freedom and the connection is the Levi-Civita
S =
∫
d4x
√−g
(
1+ξφ 2
2
gµνRµν
(
g,∂g,∂ 2g
)− 1
2
gµν∇µφ∇νφ −V (φ)
)
, (3.1)
and the Palatini variation4 where the metric and the connection are assumed to be independent
variables and one varies the action with respect to both of them
S =
∫
d4x
√−g
(
1+ξφ 2
2
gµνRµν (Γ,∂Γ)− 12g
µν∇µφ∇νφ −V (φ)
)
. (3.2)
4See [115] for a review and [63, 96, 116–153] for various applications.
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Figure 3: The predictions of the model (2.12) for a wide range of values for the mixing angle ω and
for field excursions that yield sufficient amount of inflation i.e. 50 to 70 e-folds.
Note that even though both variational principles lead to the same field equation for an action whose
Lagrangian is linear in R and is minimally coupled, this is no longer true for a more general action.
In [63, 154], we considered a real scalar field φ , in general non-minimally coupled to gravity
plus an R2 term in the Palatini formalism5
S =
∫
d4x
√−g
{
1
2
(
M20 +ξφ
2)R+ α
4
R2− 1
2
(∇φ)2−V (φ)
}
, R = gµνRρµρν (Γ,∂Γ) . (3.3)
Introducing an auxiliary scalar χ we eliminate the R2 term
S =
∫
d4x
√−g
{
1
2
(
M20 + αχ
2+ξφ 2
)
R − 1
2
(∇φ)2− α
4
χ4 −V (φ)
}
, (3.4)
and by performing a Weyl rescaling of the metric
g¯µν = Ω2(φ)gµν with Ω2(φ) =
M20 +ξφ 2+αχ2
M2P
, (3.5)
we bring the action to this simpler form:
S =
∫
d4x
√−g¯
{
1
2
M2P R¯ −
1
2
(
∇¯φ
)2
Ω2
−V¯
}
, V¯ (φ ,χ) =
1
Ω4
(
V (φ)+
α
4
χ4
)
. (3.6)
5See also [131] where the authors consider a similar setting.
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Notice that no kinetic term has been generated for χ , which is usually called the scalaron in the
metric formalism, therefore its equation of motion reduces to just a constraint. This means that φ
is the only propagating degree of freedom which can play the role of the inflaton, contrary to the
metric case where we would have two-field inflation.
Using the constraint equation for χ
δχS = 0→ χ2 =
4V (φ)
(M20+ξφ2)
+ (∇φ)
2
M2P[
1− α(∇φ)2M2P(M20+ξφ2)
] (3.7)
we can eliminate it altogether and arrive at the action
S≈
∫
d4x
√−g
M2P2 R − 12 (∇φ)2Ω20
 1
1+ 4α˜VΩ40
 − V
Ω40
 1
1+ 4α˜VΩ40
 + O ((∇φ)4)
 , (3.8)
where α˜ = α/M4P and Ω20 =
(
M20 + ξφ 2
)
/M2P.
The effect of the R2 term is that it decreases the height of the effective potential, which always
has a plateau at high field values. Of course, one should also take into account that the rate of
change of the field is modified and should perform a field redefinition in order to bring the kinetic
term into its canonical form.
As a first example, let us consider natural inflation, given by the potential [155, 156]
V (φ) = M4
(
1+ cos
(
φ
f
))
. (3.9)
In Fig. 4, the blue curve is the potential in the metric formalism. The red dashed curve is the
effective potential with the R2 in the Palatini formalism. As can be seen, the potential has a lower
height and has been flattened. In practice, this means that we can obtain lower values for the tensor-
0 5 π 10 π 15 π 20 π0.00
0.01
0.02
0.03
0.04
0.05
φ
V(φ)
Figure 4: Blue curve: The original natural inflation potential V (φ). Red dashed curve: The potential
V¯ (ζ (φ)) in the Palatini formalism. We have chosen M = 0.4, α = 10, and f = 10 (in natural units).
to-scalar ratio r (see Fig. 5) and essentially save some models that were previously excluded by the
Planck constraints. Similarly, for minimal quadratic inflation,
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Figure 5: r−ns plot for M = 0.7, f = 7 and α ∈ [0.01,3] in natural units.
V (φ) =
1
2
m2φ 2 (3.10)
which was excluded, we find that relatively small values of α can significantly lower the tensor-to-
scalar ratio r (see Fig. 6)6. The same holds for non-minimally coupled models. For example, in the
model considered in [157],
S =
∫
d4x
√−g
{
1
2
(
ξφ 2+αχ2
)
R − 1
2
(∇φ)2 − λ (φ)
4
φ 4− α
4
χ4+Λ4
}
, (3.11)
V1(φ) =
1
4
λ (φ)φ 4+Λ4 = Λ4
(
1+
ξ 2φ 4
M4P
(
2ln(ξφ 2/M2P)−1
))
, 〈φ〉2 = M2P/ξ (3.12)
where the Planck scale is dynamically generated through the Coleman-Weinberg mechanism, de-
pending on the value of the non-minimal coupling ξ , interpolates between the quadratic and linear
inflation limits, both of which are now excluded by Planck. However, in the Palatini formalism
with the R2 term, the model can be easily made viable (see Fig. 7).
4. Conclusions
In conclusion, while in the metric formalism adding an R2 term to our action results in two-
field (an exception being the Coleman-Weinberg model we considered in Sec. 2 using the Gildener-
Weinberg formalism), the same does not hold in the Palatini formalism. We obtain a single-field
effective potential which is asymptotically flat and has a lower value, which means that we can
have a smaller tensor-to-scalar ratio.
6However, accordance with the measured value of power spectrum requires larger values for α [144].
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Figure 6: The predictions for the inflationary observables in the nS − r plane for the minimally-
coupled quadratic model for N = 50−60 e-folds. We have set m = 0.1 and have varied α between
0.01 and 10.
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[H]
Figure 7: The predictions for the inflationary observables in the nS− r plane for the nonminimal
Coleman-Weinberg model and for N = 50−60 e-folds. We have set Λ= 0.1 and ξ = 0.1 (in Planck
units).
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